In the spirit of Freed, Hopkins, and Teleman I establish an equivalence between the category of discrete series representations of a real semisimple Lie group G and a category of equivariant matrix factorisations on a subset of g˚, in analogy with the situation in [FT] which treated the case when G is compact or a loop group thereof. The equivalence is implemented by a version of the Dirac operator used in [FHT1-3], squaring to the superpotential W defining the matrix factorisations. Using the structure of the resulting matrix factorisation category as developed in [FT] I deduce the Kirillov character formula for compact Lie groups and the Rossman character formula for the discrete series of a real semi-simple Lie group. The proofs are a calculation of Chern characters and use the Dirac family constructed in . Indeed, the main theorems of [FHT3] and [FT] are a categorification of the Kirillov correspondence, and this paper establishes that this correspondence can be recovered at the level of characters.
Introduction and Main Results
Let V be a representation of a Lie group G. The phrase Kirillov character formula is used ubiquitously to refer to any formula which exhibits the character of an irreducible representation of G as a Fourier transform of a coadjoint orbit in g˚.
Suppose G is compact and connected, and (V´λ, πq is an irreducible representation of lowest weight´λ. I give a proof of the well known The proof will be a comparison of Chern characters of super-bundles over subsets of g˚, calculated explicitly using a 1-parameter family of super-connections whose limits as the parameter tends to 0 and 8 will be integrated to give the two sides of the Kirillov character formula. The proof is completed by observing the invariance of the Chern character, up to an exact differential form, of a 1-parameter family of super-connections on a bundle. The bundle and super-connections are derived directly from the matrix factorisations constructed by Freed, Hopkins, and [FT] . They construct an equivariant family of odd Fredholm operators parametrised by µ P g˚and show that, when coupled to an irreducible representation V´λ, the family has kernel only over a single coadjoint orbit O´λ´ρ where the kernels assemble to form the natural line bundle Lp´λ´ρq tensored with the Atiyah-Bott-Shapiro-Thom class of the normal bundle of O´λ´ρ P g˚. Since the K-theory class represented by this Fredholm family is invariant under the compact deformation which scales the orbit to 0, they obtain an Dirac version of the Thom isomorphism K 0 G p0q -K dimg G pg˚q. Applying equivariant K-theoretic Chern characters gives the Kirillov formula. In fact, the main theorems in [FHT3] and [FT] should be interpreted as a categorification of the Kirillov correspondence, and this paper I extract that correspondence on the level of functions in a more robust way than the Ktheoretic argument above, so that it applies to the non-compact setting below, where such methods break down. Now I generalise and let G be a connected real semisimple Lie group with maximal compact subgroup K, a Cartan subgroup T , and a Cartan decomposition of the Lie algebra g " k ' p. This decomposition is orthogonal for the Killing form 1 x¨,¨y. Recall that the discrete series representations form a family 2 of unitary representations of G, defined by the fact that all matrix coefficients are in L 2 pGq. A well-known result of Harish-Chandra states that this family is empty unless rankG=rankK. Fix an irreducible discrete series representation (H´Λ, πq. Let ϕ P C 8 c pU q where U is an open neighbourhood of 0 P g for which exp : U Ñ G is invertible analytic, and define the smeared operator πpϕq :" ş g dX ϕpXqe X . This operator is trace class and To prove this formula I will apply the same Chern character method used above, after extending the required results of and [FT] to the discrete series setting: Let E Ă g be the cone of elliptic elements. Denote by x¨,¨y 0 the (Riemannian) metric on E obtained by flipping the sign of the Killing form on k in the tangent space T X g -g to elements X P k, and then extending to all of E by G-equivariance. Denote by S 0 the irreducible Z 2 -graded spinor representation of Cliff c pg˚, x¨,¨y 0 q. Let SRepG DS denote the supercategory of Z 2 -graded representations of the crossed product algebra G˙Cliff c pg˚, x¨,¨y 0 q such that G acts by a direct sum of discrete series representations. Let te a u be a basis of g with dual basis te a u and let W "´ie a pδ 1 q b e a`1 2 e a e a .
Theorem A: There is an equivalence of supercategories
Theorem A will follow by combining explicit calculations with certain families of Dirac operators with the results of the Appendix, written by Constantin Teleman.
The outline of the paper is as follows: in Section 1 I prove Theorem 1, the Kirillov character formula for irreducible representations of compact connected Lie Groups via the method of Chern characters outlined above. In Section 2 I construct a family of Dirac operators that will exhibit the equivalence of Theorem A. In Section 3 I combine the method of Chern characters of Section 1 with the results of Section 2 to establish the Rossman character formula for discrete series representations of connected real semisimple Lie groups. The Appendix provides technical results needed to turn the Dirac families of Section 2 into honest matrix factorisations as stated in Theorem A.
Section 1: Character Formula for Compact Groups
Throughout this section, G is a compact connected Lie group with an irreducible representation V of lowest weight´λ.1
We us the standard convention in which this form is negative definite on the first summand and positive definite on the second.
2 As the name suggests, this family is indexed by discrete parameters.
Consider the equivariant super-bundle V :" V b Sˆg˚Ñ g˚, where S is an irreducible Z 2 -graded complex Cliff c pg˚q-module 3 . G acts by the coadjoint representation in the base and the obvious action in the fiber. Let γpξq denote Clifford multiplication by ξ P g˚, and let ιpXq denote contraction with the vector field. The trivial connection on Vˆg˚Ñ g˚gives rise to a superconnection on V, i.e. an odd differential operator on bundle-valued forms
and a corresponding equivariant super-connection on bundle-valued equivariant forms
sually written at an element X P g as
Note that the total grading on the two complexes above (with respect to which A 1 is required to be odd) is defined to be the sum of the mod-2 (equivariant) cohomological grading on (equivariant) differential forms and the super-grading on V˘. Let µpXq :" £pXq´rιpXq, As be the moment of X, given by the difference between the Lie derivative on the total space and parallel super-transport along the base. The G-equivariant Chern character for a test element X P g is defined following Mathai-Quillen as strpe Following the notation in [FHT1-3], let RpXq and σpXq denote the Lie algebra action on V and S, respectively. In a basis te j u of g˚with dual basis te j u one has, at ξ " 0
Calculating the degree n :" dimG part of strpe AǫpXq 2 q by expanding the exponential and taking supertraces gives
Now I define a new family of superconnections, which deforms the previous one, and with respect to which the Chern character will give the orbital integral on the right side of the Kirillov formula.
Let { D 0 be Kostant's cubic Dirac operator as in , an endomorphism of V b S given by
Consider the 2-parameter family of equivariant super-connections
Then, letting T pξq be defined by T pe j q :" Rpe j q`σpe j q for all j,
ǫdγpξq` µpXq q
At t " 0 we recover the previous family. Let ǫ " t. As before, the deformation lemma and the Gaussian decay of the resulting coboundary gives invariance of the Chern character, which allows us to consider things when ǫ " t Ñ 8. Then the super-trace localises to the kernel of p { D 0`i γpξqq 2 , which is calculated in [FHT3] to be nontrivial only when ξ is in the orbit O´λ´ρ, and cuts out a sub-bundle isomorphic to Lp´λ´ρq b S N , the natural line bundle tensored with the spinors on the normal bundle in g˚. Let ΛpV b Sq be the graded set of weights (with multiplicities) of the graded representation V b S and |τ˘y, τ˘P ΛpV b Sq a corresponding weight basis 5 . Then in a transverse slice to the orbit at ξ given by the Cartan subalgebra stabilising it, the Chern character becomes
tǫxξ,τ˘`λ`ρy xτ˘|e µpXq |τ˘y
The coordinates dξ 1 , ..., dξ r are chosen to span the Cartan subalgebra, which is the only term in the expanded exponential of idγpξq that survives the supertrace over normal spinors S N . Therefore
The bundle formed by |´λ´ρy is exactly Lp´λ´ρq, on which µpXq is well-known to be e ixX,ξy . Note that the moment on spinors is trivial. Indeed, since the normal bundle to O´λ´ρ at a point is exactly its stabiliser, S N is equivariantly trivial 6 .
To conclude the proof of the Kirillov formula, choose a smooth path in the pǫ, tq-plane which starts at p1, 0q and becomes ǫ " t at large values and apply the deformation lemma to conclude:
When G is compact, as was assumed in this section, this equality can be derived directly from (twisted equivariant) K-theoretic arguments (the twisted Thom isomorphism (4.10) in [FHTIII]), with the caveat that theÂ-genus appears on the other side, in accordance with the 'Riemann-Roch' discrepancy between Thom classes in K-theory and cohomology. However, the above analytic proof using the explicit formula for the Dirac operator { D ξ is more robust because it extends, with a few minor adjustments, to the case when G is non-compact and K-theory is not available.
Section 2: Dirac Family for Discrete Series
Now G is a connected real semisimple Lie group. Recall that we have fixed a Cartan subgroup T Ă K Ă G with Lie algebra h, and assume that T is also a Cartan subgroup of G so that the discrete series is non-empty. Throughout this section µ P h˚Ă k˚will be a regular elliptic element. We choose the system of positive roots ∆`" ∆c Y ∆ǹ for which µ is antidominant. Letρ " ρ c´ρn . Let H Λ be the discrete series rep with Blattner parameter (lowest K-type)´Λ and let S 0 be the irreducible Z 2 -graded spinor representation of Cliff c pg˚, x¨,¨y 0 q. Let L´Λ be the lowest weight line of K´Λ, the (unique) K-representation in H Λ of this type, and S´ρ the lowest weight space of S 0 . For a basis te ν u of g˚with dual basis te ν u of g let γ v " γpe ν q denote Clifford multiplication by e ν , σ ν the action of e ν on S 0 by pullback via the coadjoint representation, and let R ν denote the action of e ν on H Λ (or rather a dense subspace of K-finite vectors). In analogy with [FHTII] , define the coupled Dirac operator (see [FHTII] ) : for µ " µ ν e ν P E{ After applying the results of the Appendix we find that the map
exhibits the equivalence of categories in Theorem A.
A Formula for the Dirac Operator
To prove Proposition 1, we give a formula for the diagonalisation of { D 2 µ along a K-finite basis of H Λ b S 0 . To motivate aforementioned sign-flip in the metric used to define the Clifford algebra, we will begin the proof using Killing form x¨,¨y, identify where things go wrong, and make the necessary adjustment to obtain x¨,¨y 0 . We will need the following Lemma: In a discrete series representation H Λ the negative non-compact roots elements kill L´Λ, the lowest weight line of the lowest K type Let v P L´Λ.
Proof: Indeed, take X´β P g´β a root element for some β P ∆ǹ .Then X´β¨v " 0 or X´β¨v P L´Λ´β. In the latter case, by applying some (possibly empty) combination of compact roots ∆ c we may conclude that X´β¨v is contained in a K type of highest weight Λ´β`ÿ αP∆c n α α; pn α ě 0q
But by Theorem 9.20 Knapp (restated in terms of lowest weights, using the longest element of W K , the Weyl group of K) the only possible K-types in such a setting are of the forḿ
Hence it must be that X´β¨v " 0, as desired, because the above formulas disagree on the sign of the non-compact simple root, which appears an odd number of times in β, and an even number of times in any compact root.
The Spin Module
Let n " À αP∆`g C α . Consider the spin module
Recall two standard facts about Clifford algebras: firstly, an orthogonal decomposition of an inner product space V " V 1 ' V 2 leads to a decomposition CpV q -CpV 1 q b CpV 2 q; secondly, the dual of CpRq with the standard inner product on R is isomorphic to CpRq with the negative definite one. Thus for ξ P s˚, γpξq acts contragrediently compared to γpk˚q. Hence, the spin module for a non-compact Lie algebra will be a direct sum of copies of a representation of lowest (resp. highest) weight´ρ (resp.ρq where´ρ " ρ c´ρn . Here we see why ρ n´ρc appears in the Blattner parameter above. Note that Clifford multiplication by the root basis vector e ν (for ν an positive root index), denoted γ ν , kills the lowest weight space S´ρ, which is the lowest weight line in
tensored with a multiplicity space isomorphic to S h˚. Consider the representation H Λ bS. In the notation of the introduction, we find that on L´ΛbS´ρ
Using the definition of the Dirac operator given above one finds
meaning that { D µ has kernel on this weight space only when µ "´Λ´ρ. To rule out kernel on other weight spaces one would like to mimic the argument given in [FHTII] for the compact case -namely, use the commutation relations of { D µ to prove that { D 2 µ is a nonpositive operator with maximum on L´Λ b S´ρ. This is done as follows. For X P g define the µ-shifted Lie algebra action πpXq " X a pR a`σa´i µ a q. One calculates
Here η Þ Ñ η˚is the map g˚Ñ g induced by the Killing form, and η Þ Ñ η˚is its inverse. Iterating the commutators gives, @ξ P g˚:
Hence, for µ " 0, one has r { D Therefore, { D 2 0 is in the center of the algebra G¸Cliffpg˚q. These operators generate H b S from L´Λ´ρ, so { D 2 0 a constant. This constant is easily calculated to be´|Λ`ρ| 2 . But then
When G is compact, so that the representation V b S is finite dimensional with lowest T pµq-eigenspace L´Λ b S´ρ, this formula simultaneously proves the desired nonpositivity and invertibility of { D 2 µ for µ R O´λ´ρ, by applying highest/lowest weight theory. In the current case we cannot use this argument. The discrete series representations are infinite dimensional and there is in general 8 no minimum eigenspace for µ, only a minimal K-type. If the spectrum of T pµq is unbounded, there exists a weight space (in some large enough K-type) where the Dirac operator for, say, µ "´Λ´ρ, has a positive eigenvalue. Scaling µ Þ Ñ ǫµ down to zero inside h˚, we see that the eigenvalue on this weight space must eventually become very close to { D 2 0 "´|Λ`ρ| 2 which is negative. It does so continuously; hence at some point this eigenvalue vanishes and we get kernel away from O´Λ´ρ.
To fix the problem, we must study a slightly different Dirac operator. Namely, we replace the trivial bundle of Clifford algebras Cliff c pg˚, x¨,¨yq over g˚to the bundle with fibre Cliff c pg˚, x¨,¨y 0 q, the Clifford algebra on T g˚defined by the metric constructed in the Introduction. The Dirac operator with respect to this Clifford algebra builds an equivariant family only when restricted to the elliptic locus E˚. We now write the formula for this Dirac Laplacian and compare it to the previous one. Note that { D 2 0 " g ij pµqpR i R j`1 3 σ i σ j q where g ij pµq is the metric in a basis of T µ E˚. Choose this basis to respect the Cartan decomposition g " k ' p. Let µ P k. Then the Dirac Laplacian with respect to the Killing metric was
while the new Dirac Laplacian, defined with the metric x¨,¨y 0 , is
Determining the behaviour of´{ D 2 0¯c´´{ D 2 0¯n is simple:
But´{ D 2 µ¯c is just the Dirac Laplacian for K (at µ P k) whose behaviour diagonalises along K-types and whose behaviour on each K-type V K,τ we know to be that of a nonpositive operator with maximum eigenvalue on the lowest weight space W´τ subset V K,τ .
Hence, under the new definition of the Dirac operator,
By Knapp's theorem about K-types from above, adapted to account for the presence of spinors, any K-type in H b S has highest weight of the form
where n β P Z ě0 and c ν P t0, 1u. From this it follows that
for every possible τ , which implies that { D 2 µ is a non-positive operator whose maximum eigenvalue occurs on the lowest weight space L´Λ b S´ρ of the lowest K-type in H b S, and which vanishes, for elliptic elements µ Ă h˚, only when µ "´Λ´ρ. As mentioned before, the space L´Λ b S´ρ is a 1 -dimensional subspace, up to a multiplicity space isomorphic to S h˚.
Bounding the Spectrum Away from 0
In this section we give a lower bound for the square norm of the eigenvalues of { D µ away from the subspace L´Λ b S´ρ for µ P E˚, thereby exhibiting the rigidity of discrete series representations.
We relax notation and do not distinguish between µ P g˚and its image in g under the isomorphism induced by the inner product x¨,¨y 0 . Note that square norms like |µ| 2 occurring below are taken with this inner product, not the Killing form. Proceed case by case:
Case 1: Elliptic -Covered in the last subsection. Case 3: Nilpotent Let µ be nilpotent. But then |µ| 2 " 0 and T pµq is nilpotent, so the spectrum of { D 2 µ is bounded below in square norm by |Λ`ρ| 2 . Case 4: Let µ " µ e`µn be mixed elliptic/nilpotent. After possible conjugation we can assume the two elements commute. Then we have
The two terms in the last line commute and the second is nilpotent, so the expression is strictly negative unless µ n " 0 and we reduce to Case 1. Hence, for all µ P E˚zO´Λ´ρ, the spectrum of the Dirac operator is contained in the complement of an open ball about 0 P C of finite radius.
Section 3: Character Formula for Discrete Series
Now let G be a connected real semisimple Lie group with maximal compact subgroup K, and suppose r "rankG=rankK, so that G has discrete series. Fix an irreducible discrete series representation (H´Λ, πq. Here´λ is the lowest weight line of the lowest K-type, which labels the discrete series in an analogous way to the case finite dimensional representations of a compact group (see [K] 9.20). Because H´λ is infinite dimensional, the traces of operators πpgq, g P G, may not be defined. There is a Kirillov character formula, due to Rossman, for the character of the smeared operator Let E Ă g˚denote the locus of elliptic elements. Consider the super-bundle H´Λ b S 0ˆE Ñ E, on which the discrete series matrix factorisations live ([LT]). The subscript on the spinor factor denotes the fact that the spin representation S 0 is defined for the Clifford algebra on T˚E with the (Riemannian) metric obtained at points in t˚Ă k˚after flipping all signs of the Killing form on p to be positive, and extending to E by equivariance. The extension is possible since this bilinear form is invariant under T , the compact Cartan subgroup which stabilises an elliptic element. However, extending to general elements in g˚fails because their stabilisers may not fix this deformed version of the Killing form. The reason for flipping the metric in the first place is explained in [LT] ; essentially, having passed to a setting where representations have unbounded weights, the flip is required to make the kernel of { D 0`i γpξq mimic the case of compact G and cut out the natural line bundle over a single coadjoint orbit.
Let A t ǫ pϕq and µpϕq be defined by the linear extension of the action of g on H´λ b S 0ˆg˚Ñ gt o an action of C 8 c pU q. For example, µpϕq :" ş g dX ϕpXq µpXq. We consider the same family of superconnections as before. Although the deformation lemma continues to hold, a more careful argument is needed to establish invariance of the integral. This is because of the issues with the metric and the fact that BE includes the nilpotent cone N , where there is no Gaussian decay. For the sake of continuity, I will set up all the necessary integrals at key values of pǫ, tq and the give the invariance arguments at the end.
So the task at hand is to evaluate, once at pǫ Ñ 8q, t " 0q and once at pǫ Ñ 8, t´ǫq, There is exponential damping away from Lp´Λ´ρqbS N , where the moment is µpϕq :" ş g dX ϕpXq µpXq " ş For j, k P t1, ..., pu, γpe j q appears in γ s¨J for all s and rγpe j q, γpe k qs " 0, in particular γpe j q 2 " 0. Indeed, the closure of the coadjoint orbit of any element in BE contains the origin. Thus, up to a sign, one can move the two γpe j q's next to each other, whence they annihilate. Therefore each term in the integrand is 0 and we are done.
5 Appendix: C 8 Matrix Factorisations
